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Comment on “Construction of regular black holes in general relativity”
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We claim that the physical parameters of the constructed black hole solutions in general relativity (GR) cou-
pled to nonlinear electrodynamics (NED) by Zhong-Ying Fan and Xiaobao Wang in the Paper [Phys. Rev. D
94, 124027 (2016)] are misinterpreted, despite the formalism being correct. We argue that because of these
misinterpretations, the derived black hole solutions and the Lagrangian densities presented in that paper are
slightly inconsistent. In this comment, we present complete black hole solutions of the given Lagrangian densi-
ties which correct the interpretation of the physical parameters of the constructed black hole solutions and lead
to the correct treatment and weak field limits of the physical parameters of the constructed solutions.
In the recent paper [1] (Hereafter, we call this paper as
FW16.) a general procedure for constructing exact black hole
solutions with the electric or magnetic charges in GR coupled
to NED based on the initially interesting and useful proposal
of Bronnikov [2] has been developed. Here we argue that the
Lagrangian densities and the corresponding black hole solu-
tions presented in the FW16 have some discrepancy, i.e., the
Lagrangian densities do not correspond to the black hole so-
lutions, or vice versa, because of the misinterpretation of the
physical parameters of the constructed black hole solutions.
Here we show that the physical parameters of the obtained
solutions in the paper FW16 are misinterpreted. For the more
details we direct readers to FW16, without repeating the re-
sults presented there.
The action of GR coupled to the NED is given as
S =
1
16pi
∫
d4x
√−g [R−L (F )] , (1)
where F ≡ FµνFµν is the norm of tensor of the electromag-
netic field Fµν . According to the formalism the Lagrangian
density of the magnetically charged NED can be given by the
expression
L =
4m′
r2
, (2)
LF =
r2(2m′ − rm′′)
2Q2m
, (3)
where F = 2Q2m/r
4 is the electromagnetic field strength pro-
duced by the magnetic charge Qm, m(r) is the mass func-
tion. Using this Lagrangian densities the authors of the FW16
have obtained magnetically charged Bardeen-like, Hayward-
like, and new type being the Maxwellian in the weak field
regime, singular black hole solutions with the line element
ds2 = −
(
1− 2m(r)
r
)
dt2 +
(
1− 2m(r)
r
)−1
dr2 + r2dΩ22 ,
(4)
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where dΩ22 is the solid angle.
Finally, they have generalized these black hole solutions
choosing the Lagrangian density in the form
L =
4µ
α
(αF )
ν+3
4[
1 + (αF )
ν
4
]1+µ
ν
, (5)
where µ > 0 is a dimensionless constant which character-
izes the strength of nonlinearity of the electrodynamic field,
and α > 0 is constant parameter which has the units of the
length squared; α is introduced into theory through the defini-
tion Qm = q
2/
√
2α. Moreover, ν = 2, µ, 1 correspond to the
Bardeen-like, Hayward-like and new Maxwellian black hole
solutions, respectively.
In the FW16 the authors have found the general mass func-
tion for the magnetically charged black holes in the NED
which correspond to the Lagrangian density (5) in the follow-
ing form:
m(r) = M +
q3
α
rµ
(rν + qν)µ/ν
, (6)
where q is the magnetic charge parameter and ν > 0 is the
dimensionless constant. M is the integration constant which
was wrongly interpreted in FW16 as the gravitational mass,
i.e. M = Mg. Indeed, if the mass function (6) is substituted
in the Lagrangian density (2), one obtains the Lagrangian den-
sity (5) which seems correct. However, if the Einstein equa-
tions or Eq. (2) with the Lagrangian density (5) are solved
with respect to the mass functionm(r), one obtains the mass
function in the following form:
m(r) = Mg −
q3
α
[
1− r
µ
(rν + qν)µ/ν
]
, (7)
which with comparison to (6) contains extra term q3/α in the
right hand side. If one drops this term, all equations are sat-
isfied, however, it is equivalent to the condition q = 0, which
eliminates the last term together with the NED as well. There-
fore, the solution (27) together with the Bardeen-like (15),
Hayward-like (22), and new type (24) black hole solutions ob-
tained in the FW16 are incomplete, sinceM in (6) is stated as
2gravitational mass. Or the solution (6) can be considered com-
plete only with wrong interpreted mass parameters. Below we
address the interpretation of the correct mass parameters.
Absence of the term −q3/α in the mass function leads to
several physically inappropriate black hole properties which
are presented in the FW16. For example, if one studies
the Arnowitt-Deser-Misner (ADM) mass, the asymptotic be-
haviour of (7) gives the ADM mass of the black hole to
be MADM = Mg as for the Reissner-Nordstro¨m black
hole in GR coupled to the linear (Maxwell) electrodynam-
ics. However, if one considers the mass function (6), then,
in the asymptotics the ADM mass takes the value MADM =
Mg + q
3/α [1] which is in the contradiction with that of the
Reissner-Nordstro¨m black hole. One may argue that nonlin-
earity of the electromagnetic field leads the additional mass
to the the pure gravitational mass, Mg , however, even if it is
alright, at least in the new type of black hole solution which
is Maxwellian in the weak field limit, the ADM mass must be
equal to the pure gravitational mass as it has been stated in [3].
The correctness of the solution of the FW16 can be recovered
only ifMg is considered not the pure gravitational mass (De-
spite, they stated it as pure gravitational mass), instead it is
effective mass with the definitionMeff = Mg − q3/α.
As shown in the FW16, the black hole solution (4) with
the mass function (6) is singular at origin, r = 0, and regular
only if the pure gravitationalmass (or so-called Schwarzschild
mass) is neglected,Mg = 0, and µ ≥ 3. Existence of the reg-
ular black hole without gravitational mass is mathematically
alright, but it seems somehow pathologic from the physical
point of view. In the case of the solution (7), it is also singular
at the origin r = 0, even if its mass Mg = 0. The only way
to make the black hole regular everywhere of the spacetime is
to assume that the gravitational mass is equal to the so-called
electromagnetically induced massMem
Mg = Mem ≡
q3
α
, (8)
with the condition µ ≥ 3. Then, one can write the metric
function (7) in the following form 1:
f(r) = 1− 2Mgr
µ−1
(rν + qν)
µ
ν
. (9)
Here Mg is still pure gravitational mass (or electromagneti-
cally induced mass since Mg = Mem). And now one can
construct the Bardeen-like, Hayward-like and new type regu-
lar black hole solutions in GR coupled to NED by changing
ν = 2, ν = µ, and ν = 1, respectively, only if µ ≥ 3.
Let us discuss the electrically charged asymptotically flat
black hole solutions in GR coupled to the NED (36) derived in
the FW16. Indeed, as in the case of the magnetically charged
black hole solution, the method of obtaining the solution is
1 Regular black hole solution derived in the FW16 can also be written in the
form of (9) but instead of the gravitational mass, M , induced electromag-
netic mass,Mem has to be inserted.
correct and well explained. The Lagrangian density is given
by
L =
2m′′
r
, (10)
with the ansatz
A =
3m− rm′
2Qe
dt , (11)
where Qe = q
2/
√
2α. Again, the authors aimed to obtain
the black hole solution with the mass function (6). However,
the ansatz in Eq. (36) does not correspond to the mass func-
tion (6), whereas it corresponds to the one in (7). Thus, the
ansatz and the metric function are inconsistent. Moreover, the
electrically charged black hole solution with the mass func-
tion (6) in Eq. (36) is not a solution of the Lagrangian density
given in (38) of the FW16. These are also by virtue of the
misinterpreted mass parameters in FW16.
One may argue that the correspondence of the black hole
solutions to the Lagrangian densities presented in the FW16
is justified by the thermodynamics of them as in the FW16
the authors studied the first law of thermodynamics follow-
ing to Zhang and Gao [4] by considering the parameter α
as also thermodynamical variable and introducing the new
conjugate potential Π to α as dMADM = TdS + ΦdQe +
ΨdQm + Πdα, where Φ and Ψ are the conjugate poten-
tials to the electric Qe and magnetic Qm charges, respec-
tively. Here Π is directly related to the Lagrangian density
as Π = 1/4
∫∞
r0
dr
√−g∂L /∂α. According to the FW16,
equality of the left and right hand sides of the Smarr formula
(MADM = 2TS + ΦQe + ΨQm + 2Πα) confirmed the cor-
rectness of the solution as
MADM =
r0
2
+
q3
α
[
1− r
µ
0
(rν0 + q
ν)µ/ν
]
, (12)
where MADM = M + q
3/α for the solution (6) with gravi-
tational mass M in FW16. However, this is not true, since in
all the thermodynamic quantities the mass function (6) has not
been used, otherwise, the relation (12) would not be correct.
Instead, in all the thermodynamic quantities the correct mass
function (7) is used since, for example, although the Hawking
temperature T and entropy S are directly found from the met-
ric function (mass function), and have been written in terms of
the horizon, r0, inexplicitly, they have the same form as in (46)
and (47) of the FW16 for the mass functions (6) and (7); the
charge conjugate potentials, Φ and Ψ, presented in the FW16
correspond to (7), rather to (6). For the solution with the mass
function (7), the Smarr formula gives the same result in (12),
but here the right hand side of (12) is equal to the pure gravi-
tational massM . This proves the correspondence of the black
hole solution with mass function (7) to the Lagrangian (5).
Finally, in the last section of the FW16 where the charged
asymptotically anti-de Sitter black hole solution was derived
in the NED also above mentioned problems are repeated in
the both black hole solution and the thermodynamics as well.
To conclude, to keep the results of the paper FW16 still
correct, we suggest the readers of the paper FW16 replac-
ing notion of the pure gravitational mass M (according to
3the notations in [1]) in the FW16 with notion of the effective
mass Meff which is defined by the difference between pure
gravitational massMg and electromagnetically induced mass
Mem = q
3/α asMeff =Mg −Mem.
In addition, we should note that this comment together with
the recent one [5] can be considered as the refinement to the
interesting and relevant paper [1] which is still very useful
contribution to the studies of the black holes in GR coupled
to the NED, since one can consider that the derivation of
the new generalized Bardeen, Hayward and the new class of
(Maxwellian) regular and singular black hole solutions (de-
spite the Lagrangian densities corresponding to the solutions
are partially incomplete, or vice versa) as well as general-
izing these solutions into one form themselves are the great
job. Without the paper [1], additional paper [5] and this pa-
per would have never been appeared. Afterwards, interesting
topics were treated later under influence of the FW16, for in-
stance, in the paper [6] we have derived the possible rotating
counterparts of the obtained solutions by FW16. Moreover,
in [7] image of the supermassive black holes in the center of
the Galaxy by considering the Sgr A∗ is nonsingular rotating
black holes derived in [6], construction of the new class of
regular black hole solutions by using the weak and dominant
energy conditions in [8], the Smarr formula for charged black
holes in nonlinear electrodynamics in [9] have been studied.
For more – see [10–13].
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